We consider modified dispersion relations in quantum field theory on curved space-time. Such relations, despite breaking the local Lorentz invariance at high energy, are considered in several phenomenological approaches to quantum gravity. Their existence involves a modification of the formalism of quantum field theory, starting from the problem of finding the scalar Green's functions up to the renormalization of various quantum expectation values. In this work we consider a simple example of such modifications, in the case of ultra-static metric. We show how to overcome the lack of Lorentz invariance by introducing a preferred frame, with respect to which we can express the Green's functions as an integral over all frequencies of a spacedependent function. The latter can be expanded in momentum space, and by integrating over all frequencies, we finally find the expansion of the Green's function up to four derivatives of the metric tensor. The relation with the proper-time formalism is also discussed.
Introduction
fore, if its value becomes large because of MDRs, then physics is certainly affected by modified dispersion relations.
It is well known that T µν is in general a diverging quantity, even in flat space, and it needs to be renormalized. If MDRs are present, usual renormalization techniques are no longer reliable. Some results have been achieved in the context of cosmology in [7] . However, in the case of nonhomogeneous backgrounds, the renormalization of the stress tensor in the presence of MDRs, appears much more difficult. The Klein-Gordon operator, unlike the cosmological case, now contains spatial derivatives of (at least) fourth order [8] , thus the usual deWitt-Schwinger representation of the Green's functions does not work.
In this paper, we consider the problem of MDRs on non-homogeneous manifolds by first looking at the ultra-static case. Our method relies upon the existence of a preferred frame associated to a unit time-like vector field u µ [9] - [10] . If the space-time is ultra-static, the Green's functions can be written as an integral over all frequencies of a function, which is independent of the time associated to the observer co-moving with u µ . This function satisfies an equation, which can be solved in momentum space by applying the wellknown Bunch and Parker procedure [11] . Thus, we can find a momentumspace representation of the time-independent part of the Green's functions.
The plan of the paper is the following: in the next section, we introduce the modified dispersion relations and discuss the preferred frame. In section 3 we perform the deWitt-Schwinger analysis, and in section 4 we find the expansion of the Green's function in momentum space and in coordinate space. Throughout this paper, we use the signature (−, +, +, + · · ·), and set h = c = 1
Modified dispersion relations
In Minkowski space-time the dispersion relation for a scalar field of mass m can be found by inserting the ansatz φ ∼ exp(−ik 0 t + i k · x) in the Klein-Gordon equation (−∇ 2 + m 2 )φ = 0, which, together with the identity
is a scalar function of the modulus of the wave-vector k. If F depends on the square of the modulus, rotation invariance is preserved. If it is also analytic, then it can be expanded, and, to leading order, the MDR reads
where ǫ is a cut-off parameter that sets the lowest value of k at which corrections to the dispersion relation are ignored. Also, the sign of ǫ 2 indicates wether the modes are sub-luminal (ǫ 2 < 0) or super-luminal (ǫ 2 > 0). Despite MDRs such as (2) break Lorentz invariance, general covariance can be preserved if there is a preferred frame associated to a unit time-like vector, as shown by Jacobson et al. [9] . The action considered in this work is given by
where a 1 and b 1 are constant parameter,
, and λ is a Lagrange multiplier that ensures u a to be a unit time-like vector. One can also construct a massless scalar field Lagrangian, which preserves general covariance, such that the Klein-Gordon equation reads [9] (
The operator∇ 4 is the square of the covariant spatial Laplacian
where q ab is the projector operator on the spatial sections, defined by q ab = g ab + u a u b . In order to evaluate the effects of MDRs at the level of backreaction, we first need to compute the renormalized Green's functions. In order to do so, we begin by evaluating the deWitt-Schwinger expansion, which leads to a momentum-space representation for the Green's functions.
The deWitt-Schwinger expansion
In this section we consider the deWitt-Schwinger construction [12] - [14] , suitably modified by MDRs [15] . We work with a (n + 1)-dimensional globally hyperbolic manifold, such that it can be foliated into space-like surfaces of constant τ [10] . The parameter τ can be used to define the unit time-like tangent vector u µ = −∂ µ τ , with respect to some coordinate system x µ . Therefore, τ is the time relative to a free-falling observer moving with velocity u µ . Thus, the metric assumes the form
where dτ = u µ dx µ . This form guarantees that det g µν = det q ij where Latin indices label spatial coordinates only. In this paper, we consider the case when q µν = g µν + u µ u ν does not depend on τ , i.e. when the metric is ultrastatic. Hence, the d'Alambertian operator splits as ∇ 2 φ =∇ 2 φ −φ, where the dot indicates derivative with respect to τ .
We now consider the modified Klein-Gordon equation (4), for which the associate Green's functions satisfies the equation
Here, and from now on, we denote g(q) ≡ det |g(q)|. Because of the MDR, the function G is no longer Lorentz invariant, but, since the modification is a quartic spatial operator, the O(n) rotational invariance holds. It is therefore convenient to express the Green's functions as
where G(x j , x ′j , ω) depends on spatial coordinates and ω only. Thus, one can show that G satisfies the n-dimensional equation
4 Momentum space representation
To solve Eq. (9), we use the method due to Bunch and Parker [6] , [11] , which essentially makes use of a local Taylor's expansion of the metric tensor expressed in Riemann normal coordinates [13] , [16] . To begin with, we define the functionḠ such that
. In this form, these functions behave as bi-scalars at x and x ′ [16] . Here, x and x ′ are considered as separate point on the same spatial slice τ = const. Next, we introduce the Riemann normal coordinates y with origin at x ′ . Thus, q(x ′ ) = 1 and the Green's functionḠ satisfies
In a neighborhood of x ′ , we can expand the induced metric in Riemann normal coordinates as [11] 
where all coefficients are evaluated at x ′ (i.e. at y = 0) and contain up to four derivatives of the metric q ij . With the help of this expansion, we find
wherê
The expansion above is also obtained by using the fact thatḠ depends on y 2 , being rotationally invariant. To find the expansion for the quartic operator, we can proceed by iteration into momentum space. Indeed, if we define the local Fourier transform ofḠ as
one can show that [15] 
With these elements, we can expand Eq. (10) in momentum space up to four derivatives of the metric as
At the zeroth order, this equation yields
while, asG =G 0 +G 2 + . . ., the following orders can be found by recursion, finally yielding our main result
;j∂
where tilded derivatives are with respect to k i . We conclude this section, by connecting the above expansion with the proper time formalism of deWittSchwinger. At ω fixed (i.e. on a given spatial slice), we definẽ
and replace into (17). By swapping integrals, we find [15] 
In this expression,
and
We see that this expansion in proper time yields a sum of the Hermite polynomials H [4λ] of order 4λ, and of their derivatives, which does not seem to converge to any known function. In the Lorentz invariant case instead, the sum is trivial, and the integral over s converges to Hankel's functions of second kind [12, 13] .
Summary
In this work we present our first results concerning quantum field theory on curved backgrounds, with modified dispersion relations.
In particular, we carefully analyze the Klein-Gordon equation associated to a scalar field propagating on a ultra-static space-time, as a first step towards the physically relevant case of stationary metrics. By assuming the existence of a preferred frame, and despite the breaking of local Lorentz invariance, we still have general covariance and, above all, rotational invariance over slices of constant time. This fact allows for a dimensional reduction of the Klein-Gordon equation, so that one can consider unambiguously the Green's functions at a fixed frequency, as measured by the free-falling observer. Then, by following the method of Bunch and Parker, we finally obtained the expansion of the Green's functions up to four derivatives of the metric in momentum space and in coordinate space.
